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Abstract
We show that the nonlinear optical response reflects sensitively the electronic
structure of transition-metal surfaces and interfaces. d and s electrons may
contribute rather differently to the second harmonic generation (SHG) signal.
This results from the different sensitivity of d and s electrons to surface and
symmetry changes. Consequently, SHG for noble metals shows a by far larger
dependence on the polarization of the incoming light than for transition metals
like Fe, Co, Ni, in particular at lower frequencies. The theoretical results are
compared with recent measurements. We conclude that the SHG yield is in
addition to the nonlinear magneto-optical Kerr-effect a sensitive fingerprint
of the electronic structure at surfaces and interfaces.
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I. Introduction
Recently, the nonlinear optical response of metallic surfaces has been studied inten-
sively. The theoretical analysis uses typically the free-electron approximation or the jellium
model [1,2]. Clearly, this must be extended for studying the nonlinear optical response of
transition metals and for analyzing d- vs. s-electron contributions to optical second har-
monic generation (SHG). Here, we present such a theory by treating the electrons using
a tight-binding like model which has been successful in analyzing the nonlinear magneto-
optical Kerr-effect (NOLIMOKE) [3]. As a result of the different localization of s- and d-
wavefunctions and associated different sensitivity with respect to surfaces and interfaces
and symmetry changes, we find that the wavelength and polarization dependence of the SH
light on the incoming light is rather different for noble metals such as Cu, Ag, Au and for
transition metals such as Ni, Co, Fe, and Cr, in particular at lower frequencies.
Denoting by Iα(β−SH) the yield of β-polarized second harmonic light resulting from α-
polarized incoming light, then quite general theoretical arguments predict that for transition
metals involving d-electron transitions
Ip(p− SH)
>
∼ Is(p− SH) , (1)
while
Ip(p− SH)≫ Is(p− SH) ≈ 0 , (2)
if only s-p electronic transitions are occurring. Hence, for noble metals Ip(p − SH) ≫
Is(p − SH) ≈ 0 for light frequencies ω which do not permit d-electronic transitions, e. g.
h¯ω < (εF − ε
max
d ). Here, εF is the Fermi energy and ε
max
d refers to the upper edge of
the occupied d-band. However, for h¯ω ≥ (εF − ε
max
d ) noble metals will behave more and
more like transition metals.
This behavior results from the fact that for s (and p) electrons one gets for the dipole
matrix elements controlling the nonlinear optical response 〈s | x | s〉 ≈ 0 and
〈s | z | s〉 6= 0, and furthermore 〈d | z | d〉 ≥ 〈d | x | d〉 for transitions involving
d-electrons. The coordinates z and x refer to directions perpendicular and parallel to the
surface, see Fig. 1. This behavior of the nonlinear optical response is in agreement with
recent experimental observations [4–6]. To understand the effect of the matrix elements on
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the nonlinear optical response in more detail, note that the nonlinear optical response is
given by
Pi = χ
(2)
ijlEjEl, (3)
where Pi is the i-th component of the polarizability and where the susceptibility tensor χ
(2)
ijl
is determined within an electronic theory using response theory [3]. Thus, the SHG yield is
determined by
Iα(β − SH) ∼|
∑
ijl
χ
(2)
ijl |
2 (4)
neglecting for simplicity at the moment Fresnel and transmission coefficients. The nonlinear
susceptibility is now of the form
χ
(2)
ijl =
∑
kk′k′′
〈k | i | k′〉 〈k′ | j | k′′〉 〈k′′ | l | k〉 Fkk′k′′(ω, 2ω) , (5)
where 〈k | i | k′〉 is the usual dipole-matrix element involving electronic transitions between
s, p, and d states k and k′. Note, as a result of inversion symmetry breaking at surfaces and
interfaces s −→ (s, p), s −→ d, and d −→ d transitions occur [7]. The function Fkk′k′′(ω)
collects all other factors (energy denominators and Fermi functions) and gives essentially
the doubly convoluted density of states [8]. Decomposing χ
(2)
ijl with respect to the electronic
transitions one gets
χ
(2)
ijl = χ
(2)s
ijl + χ
(2)d
ijl + χ
(2)int
ijl , (6)
with χ
(2)int
ijl involving only s, p −→ d transitions, while χ
(2)s
ijl involves only s −→ s transitions
and χ
(2)d
ijl involves only d −→ d transitions. It can be shown that due to the dipole matrix
elements the various contributions to the tensor elements χ
(2)
ijl are of different magnitude,
see table I. This will simplify the analysis.
Using now for a simplified treatment of the wave functions the atomic basis set of ref. [3],
we calculate the dipole matrix elements. Results are listed in table I. Thus, we get typically
for transition metals χ
(2)d
ijl ≫ χ
(2)s
ijl , and for noble metals χ
(2)
ijl ≈ χ
(2)s
ijl , if h¯ω < (εF − ε
max
d ).
As a consequence, one estimates for noble metals with h¯ω < (εF − ε
max
d ) that due to
〈s | x | s〉 ≈ 0:
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Ip(p− SH)≫ Is(p− SH) , Is(p− SH) ≈ 0 . (7)
Furthermore, for transition metals we estimate:
Iα(β − SH) ∼|
∑
ijl
χ
(2)d
ijl |
2 , (8)
and thus
Ip(p− SH)
>
∼ 3Is(p− SH), (9)
since 〈d | z | d〉
>
∼ 〈d | x | d〉, see table I.
This behavior of the second harmonic intensity Iα(β − SH) is in accordance with re-
cent experiments [4–6] and shows already clearly that the SHG yield reflects sensitively the
electronic structure of noble metals and transition metals at surfaces. Of course, this is of
great interest not only for surface studies, but also for the investigation of thin films and
interfaces. Note, for a more-detailed study of the polarization dependence of Iα(p − SH),
with α varying from p to s, Fresnel and transmission coefficients have to be included to
determine the SHG yield.
In section II we present a simplified theory for the polarization dependence of the nonlinear
optical response which may serve as a basis also for further extensive studies. In section III
we present results and compare with recent experiments.
II. Theory
That the SHG yield is a sensitive fingerprint of the electronic structure at surfaces and
interfaces becomes obvious from the polarization dependence of the SHG light intensity
Iα(β − SH). Here, α refers to the polarization of the incoming light. In order to determine
more accurately and in detail this intensity Iα(β − SH) of the β-polarized SHG light at
frequency 2ω, note that the reflected light at frequency 2ω is given as shown by Bo¨hmer et
al. [5,6] for C4v symmetry without magnetization by
4
E(2ω)(Φ, ϕ) = 2i(
ω
c
) | E
(ω)
0 |
2 ×


ApFc cosΦ
As sinΦ
ApN
2Fs cosΦ




0 0 0 | 0 0 χ(2)xzx
0 0 0 | 0 χ(2)xzx 0
χ(2)zxx χ
(2)
zxx χ
(2)
zzz | 0 0 0




f 2c t
2
p cos
2 ϕ
t2s sin
2 ϕ
f 2s t
2
p cos
2 ϕ
2fstpts cosϕ sinϕ
2fcfst
2
p cos
2 ϕ
2fctpts cosϕ sinϕ


. (10)
Here, Φ and ϕ denote the angles of polarization of the reflected frequency doubled and of
the incident light (see Fig. 1). fc,s are Fresnel coefficients and ts,p are the linear transmission
coefficients. The complex indices of refraction at frequencies ω and 2ω are n = n1 + ik1
and N = n2 + ik2. The projections of the incident wave vector k on the spatial coordinates
inside the medium are fs = sin θ/n and fc =
√
1− f 2s . The corresponding quantities
for the reflected SHG light are Fs = sinΘ/N and Fc =
√
1− F 2s , where θ and Θ denote
the angle of incidence of the incoming light and the angle of reflection of the reflected SHG
light, respectively. The linear transmission coefficients are given by [5,6,9]
tp =
2 cos θ
n cos θ + fc
, ts =
2 cos θ
cos θ + nfc
, Tp =
2 cosΘ
N cosΘ + Fc
, Ts =
2 cosΘ
cosΘ +NFc
. (11)
The corresponding amplitudes Ap and As in Eq. (10) are
Ap =
2piTp
cosΘ
,
and
As =
2piTs
cosΘ
, (12)
respectively. From Eq. (10) one gets directly the intensity I(Φ, ϕ) of the reflected SHG light:
I(Φ, ϕ) = | E(2ω)(Φ, ϕ) |2. Thus, one obtains for p-polarized SHG with vacuum permittivity
ε and vacuum permeability µ0
Iα(p− SH) = 2
√
ε0
µ0
| (2i
ω
c
) |2| E0(ω) |
4| Ap((Fcχ
(2)
xzx2fcfs +N
2Fs(χ
(2)
zxxf
2
c + χ
(2)
zzzf
2
s ))t
2
p cos
2 ϕ
+ N2Fsχ
(2)
zxxt
2
s sin
2 ϕ) |2 , (13)
and for s-polarized SHG
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Iα(s− SH) = 2
√
ε0
µ0
| (2i
ω
c
) |2| E0(ω) |
4| Asχ
(2)
xzx2fstpts cosϕ sinϕ |
2 . (14)
Here, Iα(β−SH) denotes the intensity of β-polarized reflected light at frequency 2ω resulting
from α-polarized incoming light (α = p, s, ϕ = pi/4). In particular, one gets for p-polarized
incident and p-polarized reflected SHG light
Ip(p− SH) = 2
√
ε0
µ0
| (2
ω
c
) |2| E0(ω) |
4| Apt
2
p(Fcχ
(2)
xzx2fcfs +N
2Fs(χ
(2)
zxxf
2
c + χ
(2)
zzzf
2
s )) |
2 ,
(15)
and for s-polarized incident and p-polarized reflected SHG light
Is(p− SH) = 2
√
ε0
µ0
| (2
ω
c
) |2| E0(ω) |
4| ApN
2Fsχ
(2)
zxxt
2
s |
2 , (16)
and furthermore for “mixed”-polarized (45◦ polarization) incident and s-polarized SHG light
Iϕ=pi/4(s− SH) = 2
√
ε0
µ0
| (
ω
c
) |2| E0(ω) |
4| Asχ
(2)
xzx2fstpts |
2 . (17)
The response in the latter two configurations is determined by one single tensor element
χ(2)zxx and χ
(2)
xzx, respectively. Then we get for an incidence angle of 45
◦ for the ratio
Ip(p− SH)/Is(p− SH) the result
Ip(p− SH)
Is(p− SH)
= |
(Fcχ
(2)
xzx2fcfs +N
2Fsχ
(2)
zzzf
2
s )
2t4p
N4F 2s χ
(2)2
zxx t4s
|, (18)
where the contribution from χ(2)zxx has been neglected in the numerator. Note, this tensor
element has been experimentally determined from Iϕ=pi/4(s− SHG) and has been found to
be at least three times smaller than the other two tensor elements (see below). Eq. (17)
holds also for noble metals.
It follows now from Eq.(18) that s and d electrons contribute rather differently to the
intensity of SHG light:
First, for noble metals like Cu, Ag, Au one gets using Eq. (16) due to
χ
(2)
ijl ∼ 〈s | i | s〉 〈s | j | s〉 〈s | l | s〉 and 〈s | x | s〉 = 0
Is(p− SH) = 0, (19)
if the light frequency ω is such that h¯ω < (εF − ε
max
d ) implying that no transitions
involving d-states occur. Note, χ(2)zxx in Eq. (16) involves the matrix elements 〈s | x | s〉 and
these are nearly zero. Hence, for noble metals
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Is(p− SH)
Ip(p− SH)
−→ 0, (20)
if the optical response does not involve d state transitions. Thus, Eqs. (18) and (20) suggest
a very sensitive test of the quantity (εF − ε
max
d ) and of many-body contributions to this.
Comparison with results from bandstructure calculations may help to identify correlation
effects.
If the frequency ω increases, then for h¯ω ≥ (εF − ε
max
d ) also s −→ d and d −→ d
transitions contribute and
Is(p− SH) ∼|
∑
ijl
t2sFsχ
(2)d
zxx |
2 + |
∑
ijl
t2sFsχ
(2)s
zxx |
2 + . . . . (21)
Hence, for increasing frequency ω, Is(p − SH) is no longer (nearly) zero, increases and
Is(p− SH) −→ Ip(p− SH) as for transition metals.
Secondly, for transition metals like Fe, Co, Ni, Cr, we estimate in contrast to noble
metals for all frequencies ω, that
Ip(p− SH)
>
∼ Is(p− SH). (22)
For example, for the Ni(001) surface, using h¯ω = 2.056 eV (λ = 603 nm) and for the
optical constants [10] n1 = 1.98, k1 = 3.92, n2 = 2.02, and k2 = 2.18, we find using Eq. (17)
for θ = 45 ◦
0.75 ≤
Ip(p− SH)
Is(p− SH)
≤ 6.7, (23)
if we allow the relative phase of the tensor elements χ(2)zzz and χ
(2)
xzx to vary between 0 and 2pi.
This result gives already a reasonable account of the experimentally observed ratio of 1.25.
Note, the estimate of the ratio Ip(p − SH)/Is(p − SH) was obtained only on the basis
of symmetry considerations for the matrix elements in χ
(2)
ijl and by approximating these by
atomic orbital matrix elements. Of course, for discussing systematically the nonlinear optical
response of different noble and transition metals we have to include density of states effects
resulting from the function Fkk′k′′(ω). How much this matters can be seen from results for
χ(2)zxx/χ
(2)
xzx. This ratio should be equal to one if Fkk′k′′(ω) plays no role. This corresponds
to the case of perfect Kleinman symmetry [11]. However, note that in χ
(2)
ijl the indices
j, l refer to ω photon transitions, while i belongs to the 2ω photon transition . This fact
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can be rather important, for example, for analyzing differences between noble metals and
transition metals. For transition metals χ
(2)
xjl is rather unfavorable for the SHG yield, since
s −→ s transitions at frequency 2ω may occur and reduce the intensity Iϕ=pi/4(s − SH)
due to 〈s | x | s〉 ≪ 〈d | x | d〉, see for illustation Figs. 2c and 2d. In contrast, for noble
metals χ
(2)
xjl is favorable for the SHG yield, if the transitions at frequency ω involve s −→ s
transitions only and if d −→ s transitions at frequency 2ω come into play. The situation is
illustrated in Figs. 2a and 2b. Thus, the deviation from Kleinman’s symmetry of the ratio
χ(2)zxx/χ
(2)
xzx is interesting, a fingerprint of density of states effects, and reflects to some extent
the contribution of d electrons to the optical transitions and the degree of localization of the
Fermi-level electrons. Experimentally this ratio ranges from less than 0.013 for Al (with no
d electrons) over 0.085 for Cu (where the upper d-band edge is 1.9 eV below the Fermi-level)
and 0.33 for Au (where the upper d-band edge is 1.8 eV below the Fermi-level) to 0.35 for
Ni [5] (with a large density of d- electrons at the Fermi level). For the determination of the
ratio χ(2)zxx/χ
(2)
xzx see remarks below.
As can be seen from the large range of values for the ratio Ip(p−SH)
Is(p−SH) in Eq. (23), it is
very important for a quantitative analysis to include not only the symmetry properties of
the dipole matrix elements, but also the phases, since the tensor elements χ
(2)
ijl are complex
quantities. As a result, important interference contributions may occur and change the
results obtained from a coherent superposition of the partial intensities given by | χ
(2)
ijl |
alone. For a full analysis one has to perform an electronic calculation of χ
(2)
ijl as done
previously by Pustogowa et al. [3]. To compare theory and experiment, the latter has to
be performed for several optical geometries to allow for a complete determination of the
absolute values and phases of χ
(2)
ijl .
In determining the phases at least approximately we may proceed as follows. To see
how the two relative phases between the three tensor elements χ(2)zzz, χ
(2)
xzx and χ
(2)
zxx entering
Iα(p− SH) come into play, we rewrite Eq. (13) as
Iα(p− SH) = | (2i
ω
c
) |2| E0(ω) |
4| Apχ
(2)
zzz([Fc
χ(2)xzx
χ
(2)
zzz
2fcfs +N
2Fs(
χ(2)zxx
χ
(2)
zzz
f 2c + f
2
s )]t
2
p cos
2 ϕ
+ N2Fs
χ(2)zxx
χ
(2)
zzz
t2s sin
2 ϕ) |2, (24)
with
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χ(2)xzx
χ
(2)
zzz
= |
χ(2)xzx
χ
(2)
zzz
| eiϕ1
and
χ(2)zxx
χ
(2)
zzz
= |
χ(2)zxx
χ
(2)
zzz
| eiϕ2 . (25)
Now, the two absolute ratios | χ
(2)
xzx
χ
(2)
zzz
| and | χ
(2)
zxx
χ
(2)
zzz
| and the two relative phases ϕ1 and ϕ2 remain
to be determined. As can be seen from Eqs. (16) and (17), the intensities Iϕ=pi/4(s− SHG)
and Is(p− SHG) depend exclusively on one single nonlinear tensor element each, χ
(2)
xzx and
χ(2)zxx, respectively. Thus, the intensity ratio
Iϕ=pi/4(s− SH)
Is(p− SH)
,
which may be taken from experiment, gives directly the absolute ratio | χ(2)xzx/χ
(2)
zxx |. Using
for example for Iϕ=pi/4(s − SH)/Is(p − SH) the experimental value and the appropriate
linear optical constants of Ni one gets
|
χ(2)xzx
χ
(2)
zxx
| = 1/0.35 ≈ 2.8. (26)
Similarly, we calculate (1/0.013) for Al, (1/0.085) for Cu, and (1/0.33) for Au.
To obtain the remaining relative phases ϕ1 and ϕ2, and the absolute ratio | χ
(2)
xzx/χ
(2)
zzz |
one may use the results for the p-polarized SHG-yield for incident p polarized light. Note,
according to Eq. (15), Ip(p− SH) involves a superposition of all three independent nonva-
nishing tensor elements χ(2)zzz, χ
(2)
xzx and χ
(2)
zxx. Keeping Fkk′k′′(ω, 2ω) fixed, we may calculate
all surface transition matrix elements entering χ
(2)
ijl within an basis set of atomic 4s, 4p,
and 3d wave functions. Using these matrix elements (see table I), the decomposition of the
nonlinear tensor χ
(2)
ijl in Eq. (6) and Eq. (8) together with the partial p polarized SHG yields
for transition metals in table II, gives us for Ni the absolute ratio
|
χ(2)xzx
χ
(2)
zzz
| =
3
5
. (27)
It follows then from Eqs. (16) and (17) that the remaining absolute ratio is
|
χ(2)zxx
χ
(2)
zzz
| = |
χ(2)zxx
χ
(2)
xzx
||
χ(2)xzx
χ
(2)
zzz
| = 0.35 ·
3
5
= 0.21. (28)
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Using then Eqs. (24), (27) and (28) and the experimental results for Iα(p − SH) one can
determine the remaining two relative phases of the three tensor elements. We find good
agreement with experiment, if we use (for Ni)
χ(2)xzx = χ
(2)
zzze
i1.95pi ,
and
χ(2)zxx = χ
(2)
zzze
i0.505pi , (29)
see results presented in Fig. 3. Thus, we have completely determined the absolute ratios
and the relative phases of all non-vanishing elements of the nonlinear tensor χ
(2)
ijl for surfaces
of fcc crystals.
It is important to note, that this procedure shows how the polarization dependence
of the SHG yield can be used to determine the various tensor elements of the nonlinear
susceptibility χ
(2)
ijl . Furthermore, it shows also how in turn the microscopic susceptibility
χ
(2)
ijl determines the polarization dependence of the SHG yield.
Another interesting fingerprint of the electronic structure is the behavior of Iϕ(s−SH).
While it follows straightforwardly from symmetry and matrix elements, see Eq. (14), that
Ip(s− SH) ≈ Is(s− SH) ≈ 0 , (30)
the behavior of the ratio Iϕ=45◦(s− SH)/Is(p− SH), in particular the observation [5,6]
(
Iϕ=45◦(s− SH)
Is(p− SH)
)Cu > (
Iϕ=45◦(s− SH)
Is(p− SH)
)Au (31)
requires a more careful theoretical analysis, including in the discussion of χ
(2)
ijl not only the
dipole matrix elements, but again also the energy denominators. Note, χ
(2)
ijl can be written
as
χ
(2)
ijl = const.
∑
k,k′,k′′
〈k | i | k′〉〈k′ | j | k′′〉〈k′′ | l | k〉
χ
(1)
k′′k′
− χ
(1)
k′k
Ek′′ − Ek − 2h¯ω
, (32)
where χ(1) denotes essentially the linear susceptibility, but without matrix elements [3].
Thus,
Fk,k′,k′′(ω, 2ω) = const.
χ
(1)
k′′k′
− χ
(1)
k′k
Ek′′ −Ek − 2h¯ω
.
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Hence, Iα(s− SH) reveals in addition to the matrix elements the behavior of the function
Fkk′k′′(ω, 2ω) involving the density of states. Note, the ω dependence must follow from
Fkk′k′′(ω, 2ω) and will be more general than the ω dependence deduced from the jellium.
To understand now the result given in Eq. (31), note that (Iϕ=45◦(s − SH))Cu >
(Iϕ=45◦(s − SH))Au, since the density of p states above εF is larger for Cu, while (Is(p −
SH))Cu < (Is(p−SH))Au, since the density of d states at h¯ω below εF is larger for Au [12].
Note, the ratio
Iϕ=45◦(s− SH)
Is(p− SH)
probes essentially the density of d electrons at an energy of h¯ω below the Fermi-level and
of p states above εF , see for illustration Fig. 2. As a consequence, it follows from Eqs. (16)
and (17) that the ratio χ(2)zxx/χ
(2)
xzx which describes the possibility of d electron excitations by
optical transitions increases from the jellium type metal Al via the noble metals Au and Cu
to the transition metal Ni [5,6].
Thus, it is interesting to note that the combination of the symmetry properties of the
(real) transition matrix elements and the density of states effects will account for a quan-
titative understanding of the SHG yield. Furthermore, since the tensor elements χ
(2)
ijl are
complex quantities, their phases cause important interference contributions to the coherent
superposition of the partial SHG yields resulting from the single tensor elements alone. An
electronic theory along the lines of Pustogowa et al. [3] is required for the calculation of the
full complex SHG tensor χ
(2)
ijl to explain the experiments quantitatively and in detail. It
is clear from Eqs. (10) – (17) that experiments have to be carried out for several optical
geometries to sort out for comparison with theory the tensor elements and to allow for a
complete determination of their absolute values and phases.
The physics described by our theory is evident also from the results shown in table I.
Here, we have estimated the dipole matrix elements which determine largely χ
(2)
ijl by using
atomic s(p) and d-electron wavefunctions. Decomposing χ
(2)
ijl according to Eq. (6), it follows
χ(2,s)zzz ≫ χ
(2,s)
zxx , (33)
since 〈s | x | s〉 ≈ 0, and
11
χ(2,d)zzz
>
∼ χ(2,d)zxx , (34)
since 〈d | z | d〉
>
∼ 〈d | x | d〉. Generally, for transition metals, χ
(2,d)
ijl is largest by far. For
noble metals, χ
(2,d)
ijl begins to dominate over χ
(2,s)
ijl as h¯ω increases and becomes larger than
the energy distance of the d states from the Fermi energy εF , h¯ω > (εF − ε
max
d ). Further-
more, approximately Ip(p−SH) is essentially given by χ
(2)
zzz and χ
(2)
xzx, whereas Is(p−SH) is
determined by χ(2)xzx alone. In the case of s-polarized SH light Is(s−SH) = Is(p−SH) = 0.
And Iϕ=pi/4(s − SH) is given by χ
(2)
xzx alone. Hence, using table I, we find quite generally
that:
(a) for noble metals such as Cu, Au, Ag
Ip(p− SH) ≫ Is(p− SH) , if h¯ω < (εF − ε
max
d )
Ip(p− SH) ≈ | χ
(2,s)
ijl |
2 + | χ
(2,int)
ijl |
2 , if h¯ω > (εF − ε
max
d ).
Ip(p− SH) −→ I
trans.met.
p (p− SH) , h¯ω large.
(b) for transition metals such as Ni, Co, Fe, Cr
I(p− SH) ≈ | χ
(2,d)
ijl |
2,
and
Ip(p− SH)
>
∼ 2Is(p− SH).
This completes then the theoretical analysis of the polarization dependence of the SHG yield
and shows how it reveals the electronic structure at surfaces and interfaces.
III. Results and Discussion
To demonstrate the different polarization dependence of the SHG yield for noble metals
and transition metals, we show in Fig. 3 numerical results for the polarization dependence
of the p polarized SHG yield Iϕ(p − SH). Using Eq. (24), we calculate Iϕ(p − SH) for
Ni and Cu where the p-polarized SHG-yield at p-polarized incident polarization has been
normalized to unity. The angle ϕ characterizes the polarization of the incident light. We
show results for Ni and Cu at angle of incidence θ = 45 ◦ corresponding to the experimental
situation [5,6]. The absolute ratios and relative phases of the tensor elements are listed in
table III as well as the used linear optical constants at frequencies ω and 2ω.
First, we refer to results for Ni given by the topmost curve. These are typical for
12
transition metals. For Ni we used an incident light wavelength of 603 nm. The results are
in perfect agreement with experiment [5,6]. Despite the fact that we have fitted the phases
ϕ1 and ϕ2 to experiment this is remarkable, since the ratio | χ
(2)
xzx/χ
(2)
zzz | has been obtained
using only the matrix elements calculated with atomic wave functions. As mentioned the
line shape is characteristical for transition metals. Similar results are expected for Cr and
for Fe and Co. The SHG yield for s and p polarized incident light is nearly the same in
transition metals due to the isotropy of the transition matrix elements for d electrons
〈d | z | d〉 ≈ 〈d | x | d〉.
Slight intensity minima occur at polarization angles of 45◦ and 135 ◦. These arise from the
interference of the tensor elements χ
(2)
ijl and the Fresnel factors, see Eq. (13). The intensity
profile is always symmetric around ϕ = 90◦ and for transition metals approximately
symmetric around ϕ = 45◦ and ϕ = 135◦.
Secondly, to demonstrate the typical frequency dependence of the SHG yield as a function
of incident polarization for noble metals (N. M.), results for Cu are given in Fig. 3 by the
curves (a), (b), (c) . Note, the incident light polarization dependence of the SHG yield is
found to be very different for noble metals such as Cu than for transition metals (T. M.).
The ϕ = 90 ◦ symmetry survives. The p-polarized SHG yield falls off to one fourth or less
at incident s-polarization compared to its (normalized) value at incident p polarization, due
to the strong anisotropy of the transition matrix elements for s electrons
〈s | z | s〉 ≫ 〈s | x | s〉 ≈ 0.
The Cu curves (a) and (c) refer to wavelenghts exciting and non-exciting the Cu d electrons,
respectively. The results are in very good agreement with experimental ones for the frequency
dependent SHG yield obtained for Cu by Petrocelli et al. [4]. While the curve (a), which is
for an incident light wavelength of 516.6 nm, still shows shallow minima at 63 ◦ and 117 ◦,
the curve (c), which is for an incident light wavelength of 652.5 nm, falls off monotonously
to zero at incident s-polarization (90 ◦). These minima are due to the phases of the complex
nonlinear tensor elements giving rise to interference contributions as well as due to the
complex optical constants. These interferences will be absent if the d band of Cu can
no longer be excited for larger wavelenghts. Note, the shape of curve (a) would also be
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characteristic of Au at 603 nm as is observed in the experiment by Bo¨hmer et al. [5,6].
These results indicate that
(Is(p− SH))N.M.
ω
−→ (Is(p − SH))T.M.
for increasing frequency ω as claimed previously on theoretical grounds.
Note, that experimentally Is(p−SH) is larger for Au than for Cu. The experiments [5,6]
are performed for h¯ω = 2.056 eV. Then, h¯ω > (εF − ε
max
d ), according to bandstructure
calculations by Papaconstantopoulos [12] yielding (εF − ε
max
d ) ≈ 1.8 eV for Au and 1.9
eV for Cu. Hence, one would expect for both metals Cu and Au already larger values for
Is(p−SH). However, note that due to many-body band narrowing (εF − ε
max
d ) is for both
metals somewhat larger than what results from bandstructure calculations. However, since
(εF − ε
max
d )Au < (εF − ε
max
d )Cu one also expects in agreement with experiment
(Is(p− SH))Au > (Is(p− SH))Cu
at energy h¯ω = 2.056eV .
The curve (b) corresponds also to Cu at a wavelength of 652.5 nm as curve (c). For
this curve (b), however, only the optical constants have been adapted to this wavelength,
whereas the nonlinear tensor elements of wavelength 516.6 nm were kept as in curve (a).
At ϕ = 90◦, this curve reaches the same height as the Cu curve (a), but it shows deep
minima at ϕ = 54◦ and at ϕ = 126◦. Thus, this curve (b) clearly demonstrates that
for the correct theoretical description of the frequency and polarization dependence of the
SHG yield the frequency dependence of the nonlinear tensor elements is as essential as the
frequency dependence of the optical constants at frequencies ω and 2ω.
In summary, the polarization dependence of the SHG-yield shows characteristic curve
shapes which allow for a clear distinction between the electronic structure of noble metal
and transition metal surfaces. As claimed, SHG is simply a very sensitive probe of the
electronic structure.
One very interesting application of our theory for the frequency dependence of the SHG-
yield is to transition metal oxides [13]. Note, late 3d transition metal oxides, in particular
NiO, are charge transfer insulators. NiO has a gap of 4 eV separating the filled oxygen 2p
band from the empty upper Hubbard portion of the Ni 3d band, see Fig. 4 for illustration.
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These transition metal oxides are of particular interest due to the strong electron correlations.
Thus, the frequency dependent SHG could give some important information about the energy
gap of the transition metal oxides and the width of the upper Hubbard band and thus about
correlations. Fig. 4 illustrates the electronic structure of NiO, for example.
Accordingly, one expects for example for NiO at h¯ω < ∆, where ∆ refers to the charge
transfer gap, no SH yield. As a consequence, oxidization of the Ni surface (in air) would not
essentially change the experimental results for Ni, since the Ni below the oxidized surface
would mainly contribute to the SHG yield. Similarly, this conclusion can also be drawn for
Cu. Actually, for Cu, the irrelevance of the oxide layer was shown by Petrocelli et al. [4]
from the agreement of the experimental data in air and in ultrahigh vacuum. Furthermore,
since the SHG-yield would disappear if h¯ω
>
∼ ∆ and h¯ω ≥ W , nonlinear optics could be
used to determine the width W of the upper Hubbard band.
We have neglected hybridization between the oxygen 2p states and the majority 3d states
of Ni. However note that at εF and above only minority d states are present.
In view of the different magnetic properties of the NiO-vacuum interface and of the
Ni-NiO interface, the nonlinear magneto-optical Kerr-effect (NOLIMOKE) may provide es-
sential additional information regarding the electronic structure and the location of the
electronic contribution to the SHG signal. Very interestingly, the nonlinear magneto-optical
Kerr effect should vary characteristically with light frequency ω, since the d-electron spin po-
larization varies throughout the d-electron bands of Ni, whereas no nonlinear Kerr-signal is
expected for antiferromagnetic NiO. Thus, in the range of optical frequencies, only minority
d-electrons of Ni at the Ni-NiO interface contribute to the NOLIMOKE signal.
Finally, it is of interest to apply our theory also to surface and interface states having
generally different s, p and d characters and spin-polarization.
We have neglected contributions to the SHG yield of higher than electric dipole order.
However, we estimate them to be smaller by a factor of α2 ≈ (1/137)2 = 5 · 10−5 for the
magnetic dipole and of (2pia0/λ)
2 ≈ 2.5 · 10−7 for the electric quadrupole contribution.
Here, α denotes the fine structure constant, and a0 is Bohr’s radius. The resulting smallness
cannot be compensated by the skin depth factor. The implied interface sensitivity of SHG
is supported by the agreement of our theory with experiment.
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The ω dependence of the SHG yield follows from the function Fkk′k′′(ω, 2ω), see Eq. (32).
It could be interesting to sort out this in limiting cases in order to compare with results
from continuum electrodynamics and jellium approximation [4].
In summary, our theory shows that the nonlinear optical response at transition and noble
metal surfaces and interfaces is a sensitive fingerprint of the electronic structure. Both,
matrix elements and the density of states affect characteristically the intensity of the SHG
2ω reflected light. While a more detailed numerical analysis is desirable, it will not change
our qualitative arguments based on general physical facts.
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TABLES
TABLE I. Non-dipole transition matrix elements at the surface involved in the calcu-
lation of χ
(2)
ijl and I(SH), respectively.
matrix element value
〈4s | x± iy | 4s〉 0
〈4s | z | 4s〉 −aBZ
〈4pm=±1 | z | 4pm=±1〉 −6916
aB
Z
〈4pm=0 | z | 4pm=0〉 −
69
8
aB
Z
〈3dm=±2 | z | 3dm=±2〉 −10564
aB
Z
〈3dm=±1 | z | 3dm=±1〉 −10532
aB
Z
〈3dm=0 | z | 3dm=0〉 −
105
32
aB
Z
〈3dm=0 | z | 4s〉 0.7005
√
5
16
aB
Z
〈4pm=±1 | x± iy | 4pm=0〉 − 698
√
2
aB
Z
〈4pm=0 | x± iy | 4pm=∓1〉 − 698
√
2
aB
Z
〈3dm=±2 | x± iy | 3dm=±1〉 −10532
aB
Z
〈3dm=∓1 | x± iy | 3dm=∓2〉 −10532
aB
Z
〈3dm=±2 | x± iy | 4s〉 0.70058
√
15
2
aB
Z
〈3dm=±1 | x± iy | 3dm=0〉 0
〈3dm=0 | x± iy | 3dm=∓1〉 0
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TABLE II. Values for the p-polarized partial SHG yields I
(s,d,int)
s,p (p − SH) of d and s
electrons and interference contributions.
partial SHG yield value
I
(2)(d)
p−in (p− SHG) 25(
105
32 )
6(aBZ )
6
I
(2)(d)
s−in (p− SHG) 9(
105
32 )
6(aBZ )
6
I
(2)(s)
p−in (p− SHG) (
aB
Z )
6
I
(2)(s)
s−in (p− SHG) 0
I
(2)(int)
p−in (p− SHG) 0.015152(
aB
Z )
6
I
(2)(int)
s−in (p− SHG) 0.052908(
aB
Z )
6
TABLE III. Values for the absolute values and relative phases of the nonlinear tensor
elements χ
(2)
ijl and for the optical constants ni, ki of Ni and Cu corresponding to the four
curves of Fig. 3 (λ denotes the wavelength of the incident light). The optical constants
for Ni are taken from ref. [10] and for Cu from ref. [14].
Ni (λ=603 nm) Cu (λ=516.6 nm) Cu (λ=652.5 nm) Cu (λ=652.5 nm)
curve (a) curve (b) curve (c)
| χ
(2)
xzx
χ
(2)
zzz
| 0.60 0.363 0.363 0.0363
| χ
(2)
zxx
χ
(2)
xzx
| 0.35 0.085 0.085 0.085
phase ϕ1 1.945 pi 1.02 pi 1.02 pi 1.02 pi
phase ϕ2 0.505 pi 1.34 pi 1.34 pi 1.34 pi
n1(ω) 1.98 1.12 0.214 0.214
k1(ω) 3.92 2.60 3.67 3.67
n2(2ω) 2.02 1.53 1.34 1.34
k2(2ω) 2.18 1.71 1.81 1.81
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FIGURES
FIG. 1. The polarization and geometry of the incoming ω and reflected 2ω light, respectively.
ϕ and Φ are the polarizations of the incident light and the reflected frequency-doubled photons.
ϕ = 0◦ corresponds to p polarization and ϕ = 90◦ to s polarization. θ denotes the angle of
incidence. The crystal axes x and y are in the crystal-surface plane whereas z is parallel to the
surface normal.
FIG. 2. Illustration of second harmonic generation from noble metals [(a) and (b)] and tran-
sition metals [(c) and (d)]. For noble metals, in case (a) no d electrons can be optically excited,
which in contrast is possible in case (b). In case (c) for transition metals, predominantly d electrons
contribute to the SHG yield, whereas in case (d) the excitation starts from the s band.
FIG. 3. Numerical results for the SHG yield Iϕ(p−SH) for Ni and for Cu, curves (a), (b), and
(c), using Eq. (24). ϕ refers to the polarization of the incident light. For input parameters see
text and table III.
FIG. 4. Scheme of the electronic structure of NiO and Ni. W is the width of the upper Hubbard
band, ∆ is the charge transfer gap, U denotes the on-site Coulomb repulsion, eg and tg are the two
and threedimensional represenstations of d electron states in cubic environment.
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